To efficiently simulate wave propagation in a vertical transversely isotropic (VTI) attenuative medium, we have developed a viscoelastic VTI wave equation based on fractional Laplacian operators under the assumption of weak attenuation (Q ≫ 1), where the frequency-independent Q model is used to mathematically represent seismic attenuation. These operators that are nonlocal in space can be efficiently computed using the Fourier pseudospectral method. We evaluated the accuracy of numerical solutions in a homogeneous transversely isotropic medium by comparing with theoretical predictions and numerical solutions by an existing viscoelasticanisotropic wave equation based on fractional time derivatives. To accurately handle heterogeneous Q, we select several Q values to compute their corresponding fractional Laplacians in the wavenumber domain and interpolate other fractional Laplacians in space. We determined its feasibility by modeling wave propagation in a 2D heterogeneous attenuative VTI medium. We concluded that the new wave equation is able to improve the efficiency of wave simulation in viscoelastic-VTI media by several orders and still maintain accuracy.
INTRODUCTION
The derivation of suitable wave equations to model seismic wave propagation in the earth media is a key subject in the development of seismic imaging/inversion for studying subsurface geologic properties and exploring earth resources. In past decades, attention has been paid to quantifying seismic attenuation effects during wave propagation in isotropic media (e.g., Carcione et al., 1988; Shen et al., 2018) .
Like velocity anisotropy, attenuation anisotropy is recognized in laboratory and field measurements. For instance, aligned fractures often cause measurable velocity and attenuation anisotropy (Liu et al., 1993; Lynn et al., 1999; Carter and Kendall, 2006; Usher et al., 2017) . Fluid-filled fractures also cause significant attenuation anisotropy (Liu et al., 2007) . Guo and McMechan (2017) conduct full-waveform modeling tests to study the effects of fracture parameters on anisotropic attenuation and suggest that attenuation anisotropy is a potential tool for reservoir characterization. Therefore, the ability to model the wave behavior in the presence of anisotropic attenuation is important for further quantitative reservoir studies.
An early theoretical approach to study the effective anisotropic attenuation used mechanical models (i.e., standard linear solid or Maxwell bodies) to simulate waves in viscoelastic finely layered media using Backus averaging (Carcione, 1992) . By extending the viscoelastic relaxation times to the anisotropic relaxation times τ ij (Carcione, 1995; Komatitsch and Tromp, 1999) , we can model, in theory, arbitrary attenuation anisotropy in seismic modeling. Following this, Ruud and Hestholm (2005) implement a 2D time-domain finite-difference modeling of orthorhombic attenuation, and Bai and Tsvankin (2016) present a detailed numerical demonstration and analysis of vertical transversely isotropic (VTI) attenuation by 2D time-domain finite-difference modeling. Zhu (2017) derives a viscoelastic-anisotropic wave equation based on frequency-independent Q (Kjartansson, 1979). Although his equation is able to parameterize general Q anisotropy and can be used to simulate wave simulation with arbitrarily anisotropic Q, the efficiency of his numerical computation may hamper large-scale applications. The reason is that these fractional time-derivative operators are nonlocal in time, which means that their numerical evaluation requires storing the time history of the field variables in memory. Hence, the memory required to evaluate the fractional time derivative term can be very significant, particularly in cases of a long recording length and/or 3D problems. Carcione et al. (2002) reformulate the wave equation by adding an integer to the fractional order. They show that this reformulation Manuscript received by the Editor 18 July 2018; revised manuscript received 5 November 2018; published ahead of production 21 January 2019; published online 11 March 2019. 1 can reduce the memory storage by one order, but not degrade the accuracy. The same idea was used for accelerating the solving of the viscoelastic case (Carcione, 2009 ) and the Kevin-Voigt relation for medical dissipation media (Caputo et al., 2011) . One approach proposed by MacDonald et al. (2015) is choosing "optimal" time steps to compute temporally weighted history that includes contributions from the entire past history. It seems that fewer past wavefields than the truncated strategy actually are stored. They claim that this optimal storage not only improves computational efficiency, but it also maintains the same or higher accuracy than the truncation method. All of the above strategies partially alleviate the computational problem with less storage. Partially or optimally storing the past history of wavefields in a realistic 3D dimension problem still poses a big challenge for seismic problems. Another interesting approach may overcome the storage of the past wavefields using the diffusive representation of fractional time derivatives (Jazia et al., 2014) .
So far, in our opinion, the most promising approach is to replace fractional time derivatives with fractional Laplacians, which are nonlocal in space rather than time, first suggested by Chen and Holm (2004) . Computing these operators can be efficient without needing to store the time history of the field variables (Carcione, 2010; Treeby and Cox, 2010) . develop a fractional Laplacian viscoacoustic wave equation for seismic modeling and demonstrate that the fractional Laplacian formulation can approximate the frequency-independent Q model very well. This strategy has been implemented for solving viscoelastic wave equations (Zhu and Carcione, 2014; Wang et al., 2018) and further used for (least-squares) reverse time imaging problems (Zhu, 2014; Guo et al., 2016; Sun et al., 2016; Zhu and Sun, 2017) , wave-equation migration Q analysis (Shen and Zhu, 2015) , and accelerating fullwaveform inversion (Chen and Zhou, 2017; Xue et al., 2018) .
In this paper, we show how this idea can be extended to modeling the propagation of seismic waves in viscoelastic VTI media. First, the fractional time constitutive equations of the frequency-independent Q model are described. Second, a fractional Laplacian constitutive equation and its corresponding wave equation are derived. The discretization and implementation of the proposed wave equation using the Fourier pseudospectral method is discussed. The accuracy of the numerical solutions of the fractional Laplacian wave equation is evaluated. Finally, two synthetic models are tested to illustrate the efficiency of the developed modeling.
REVIEW OF FRACTIONAL TIME CONSTITUTIVE EQUATIONS
Before proceeding to a discussion of fractional Laplacian constitutive equations, it will be beneficial to briefly revisit the fractional time formulation of the anisotropic-viscoelastic wave equation (Zhu, 2017) . This section will serve as the basis for later derivation.
The generalized time-domain constitutive equation for the anisotropic-viscoelastic medium is expressed as (Carcione, 2014) σ ij ¼ ψ ijkl Ã ∂ t e kl ; i;j;k;l ¼ 1; 2; 3;
(1)
where σ ij is the stress tensor, e kl is the strain tensor, ∂ t is the time derivative, Ã denotes the time convolution, and ψ ijkl are the relaxation function stiffness tensor of the medium properties.
In terms of the frequency-independent Q (or constant-Q) model (Kjartansson, 1979) , the anisotropic relaxation function of the frequency-independent Q model can be defined as
where C ijkl is the real (elastic) stiffness tensor, and the anisotropic γ ijkl can be calculated by γ ijkl ¼ arctanð1∕Q ijkl Þ∕π. The anisotropic Q ijkl is the ratio of the real and imaginary parts of the corresponding stiffness coefficient (Carcione, 1992; Zhu and Tsvankin, 2006) , 
where
is the fractional order time derivative (γ IJ ≪ 0.5).
Stress-strain relation in 2D VTI media
We consider 2D modeling of P-SV waves in the x − z plane. The stress-strain relation is simplified from equation 3 to
Equation 4, combined with the momentum equation and the straindisplacement equation, constitutes the 2D viscoelastic VTI wave equation based on fractional time derivatives (Zhu, 2017) . Zhu (2017) adopts the computational scheme -the Grünwald-Letnikov approximation (Carcione et al., 2002) Zhu, 2017) . Recursive computation of the stress components in the time loop increases the computational costs rapidly and is prohibitive in cases of a long recording length and/or 3D geometry.
FRACTIONAL LAPLACIAN STRESS-STRAIN RELATION
As discussed in the previous section, computing fractional time derivatives in the stress-strain relation introduces a challenging computational problem. This arises because the temporal fractional operators are nonlocal in time; thus, their numerical evaluation needs to store the time history of the field variables. Under the low-loss approximation, it is possible to replace the fractional time derivatives with fractional space derivatives that are nonlocal in space, rather than time, as shown by Chen and Holm (2004) . For explicit timestepping methods, this has a significant computational benefit because the wavefield at other spatial positions for each time step is already known. This replacement has been used to derive a kind of viscoacoustic wave equation (Treeby and Cox, 2010; . Under the assumption of weak attenuation (1∕Q ≪ 1) in rocks, the fractional time derivative operator is transformed to fractional Laplacian operators as follows (Zhu and Carcione, 2014; :
where v is a reference velocity at a reference frequency. In the acoustic case, v is the P-wave velocity, and v may be the P-or S-wave velocities in the elastic case. In a transversely isotropic medium, we define the P-and SV-wave anisotropic velocities along the axes as
Following the viscoelastic derivation (Zhu and Carcione, 2014) , we rewrite equation 4 by replacing fractional time derivatives with fractional Laplacians using equation 5 without modifying the original absorption behavior, provided that the effect of absorption on the wavefield is small (1∕Q IJ ≪ 1). This gives
where the fractional Laplacian operators are defined as follows:
and two ad hoc fractional Laplacian operators:
we obtain the elastic case. The essential fact is that this ad-hoc construction of the rheological equations allows us to avoid the time convolutions and therefore to save substantial computer time. In the following numerical examples, the accuracy of wave modeling using the proposed formulation (equation 6) will be evaluated.
Numerical methods
If the Fourier pseudospectral method is used to compute the spatial gradients, the fractional Laplacian terms in a homogeneous medium become simple to compute (Chen and Holm, 2004; Carcione, 2010) , where
where F and F −1 are understood to be the spatial Fourier transform over all Cartesian dimensions, and k is the wavenumber. Because β in equations 7 and 8 are γ IJ that must be space-dependent, directly solving such an operator ð−∇ 2 Þ βðxÞ fðx; tÞ using equation 9 is not mathematically straightforward. introduce the average scheme to enable the pseudospectral method to compute the mixed-domain operator ð−∇ 2 Þ βðxÞ by ð−∇ 2 Þ~β (whereβ is averaged βðxÞ in space) (referred to as pseudospectral fractional Laplacian [PSFL]), and they show its applicability in smoothly heterogeneous media. In strong heterogeneous Q media, this simple average scheme likely introduces an inaccuracy of approximating fractional Laplacian operators. Following the idea of the phase shift plus interpolation in seismic migration, here we compute several Q values' fractional Laplacian operators (equation 9) in the wavenumber domain and then apply the interpolation to the rest of Q's fractional Laplacian operators in space (referred to as PSFL plus interpolation [PSFLPI] hereafter). It is apparent that the more the Q values are used, the higher the accuracy of approximating fractional Laplacians, numerically demonstrated by Ji et al. (2017) . In our simulations, ω 0 the reference frequency, is chosen as 1000 Hz, for delaying the phase compared with the elastic case. The first-order time derivative is solved by the second-order staggered-grid finite-difference. The staggered pseudospectral Fourier method is used for eliminating possible numerical artifacts due to interfaces (Fornberg, 1990; Özdenvar and McMechan, 1996; Carcione, 1999) . The perfectly matched layer absorbing conditions are used on the four edges of the grid to eliminate boundary reflections. The free-surface boundary is not considered.
SYNTHETIC EXAMPLES Validating numerical solutions
To validate numerical solutions of the viscoelastic anisotropic wave equation based on PSFLPI, we measure the Q values with angles using the spectral ratio approach and compare them to theoretical anisotropic Q values from Christoffel equations. Next, we compare seismograms with these by the existing viscoelastic anisotropic solver based on finite-difference fractional time derivatives (FDFTs) (Zhu, 2017) .
To fairly consider a broad range of anisotropic attenuation strength (a wide range of ε Q and δ Q values), we consider six testing models listed in Table 1 . Note that the notation (Q 33 ¼ Q P0 , Q 55 ¼ Q S0 , ε Q , and δ Q ) is used after Zhu and Tsvankin's (2006) definition to better understand the effects of attenuation with angles. The strength of the Q P anisotropy of the six testing models ranges from weak 30% to strong 70% and that of the Q S anisotropy ranges from 15% to 75%. The Q factors range over a broad interval of values from moderate (Q ∈ f50; 60g) to very strong (Q ∈ f15; 20g) attenuation. The anisotropic attenuation parameters of the models are summarized in Table 1 .
The size of the 2D model is 2560 × 2560 m. The model is discretized in grids of 256 × 256. The spacings in the x-and z-directions are 10 m. The anisotropic elastic parameters of the model are v p ¼ 6.0 km∕s, v s ¼ 3.0 km∕s, ρ ¼ 2.0 g∕cm 3 , Thomsen's parameters ε ¼ 0.2, and δ ¼ 0.1. A circle array of 300 receivers and 1.0 km away from the center of the model is for studying the full azimuth. A Ricker wavelet as a source with a dominant frequency of 30 Hz is used. A vertical point force is applied exactly at the center of the domain. The onset time of the source is t 0 ¼ 40 ms. We use a time step of 0.4 ms, and we propagate the waves for 0.6 s. Figure 1a displays the source-receiver geometry, and Figure 1b shows the P-and S-wave velocity anisotropy.
Figure 2 shows seismograms (vertical particle-velocity component) at receivers for the models. Not surprisingly, P-and S-wave data show anisotropic variations in amplitude and phase. To quantify these variations, we calculate the Q value at each receiver using the spectral ratio method (where the reference seismogram is shown in the top panel of Figure 2 ) (Zhu, 2017) . The reference seismogram includes elastic anisotropy without attenuation. Figure 3 compares estimated Q P ðθÞ and Q S ðθÞ (circle) and theoretical Q P ðθÞ and Q S ðθÞ curves (solid line), where θ is the phase angle. When the Q anisotropy is weak (less than 30%), the numerical Q values approximate well to the theoretical values (Figure 3c and 3d) . When the Q anisotropy is moderate (to 50%), the numerical Q values still approximate to the theoretical values with small deviations (Figure 3b and 3e). When the Q anisotropy is very strong (greater than 70%), the numerical Q values slightly deviate from the theoretical values, as expected, in particular Q S (Figure 3a and 3f) . Note that the observed errors are also partially caused by Q calculations by the spectral ratio Table 1 . Anisotropic Q IJ properties of six 2D TI homogeneous models. The C IJ units are in 10 10 N∕m 2 . The Q anisotropy strength is defined by strengthQ P;S 1∕ minQ P;S θ −1∕ maxQ P;S θ∕1∕ minQ P;S θ. θ is the phase angle. Modeling anisotropic seismic attenuation T125 method in the presence of complex waveforms; e.g., in model-1S, the waveforms show very strong triplications in Figure 2b . Figure 4 compares the seismograms from the PSFLPI (black-dot) and the FDFT (red). There is almost no visible difference of P-and S-wave phases between two seismograms. Quantitative analysis of errors between two seismograms at all receivers is shown in the upper-right of the subfigure in Figure 4 . The largest error of the P-wave is up to 10% and S-wave 3%. We observe large errors in the presence of strong anisotropy (Figure 4a and 4f ) and small errors (<0.8%) of the P-wave and S-wave are seen in weak to intermediate anisotropy (Figure 4b-4e) . When δ Q is positive (see Table 1 ), errors of the P-wave seem to be dependent on ε Q . A positive ε Q makes very small P-wave errors, whereas a negative ε Q makes relative large P-wave errors. Errors of the S-wave have the opposite behavior. These comparisons demonstrate that the difference of two seismograms are overall small and the proposed formulation exhibits Figure 4 . Comparison of seismograms (v y component) recorded at the (10, 50, 140, and 260)th receivers (see the source-receiver geometry in Figure 1a ) with TI attenuation for six testing models to reference seismograms from the FT solver and errors. Left column: FT seismograms (red) and FL seismograms (black dots). Right column: errors between all recorded seismograms for P-(blue) and S-waves (red).
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Zhu and Bai satisfiactory accuracy of modeling anisotropic attenuation to the FDFT solver in the six models.
Anisotropic attenuation on reflections
Next, the two-layer model is used to simulate reflection data in the presence of anisotropic attenuation. The model is discretized by 400 × 220 with a grid spacing of 3 m. We place a force source at a point (0, 30 m) (adding to the norm stresses σ 11 and σ 33 ). The source function is a Ricker wavelet with dominant frequency f 0 ¼ 40 Hz and onset time t 0 ¼ 0.04 s. The simulation uses 4400 time steps and dt ¼ 0.14 ms. A horizontal line of receivers is located at a depth of 30 m. The model geometry and VTI parameters are listed in Table 2 .
We choose homogeneous Q P0 ¼ 30 and Q S0 ¼ 30. To distinguish the effects of ε Q and δ Q on the reflection amplitude and phase, we test three scenarios of anisotropic attenuation parameters: (1) ε Q ¼ 0 and δ Q ¼ 0, (2) ε Q ¼ −0.6 and δ Q ¼ 0, and (3) ε Q ¼ −0.6 and δ Q ¼ −1.2. We compared these modeled traces with reference ones from a nonattenuative VTI medium ( Figure 5 ) for given offsets (0, 0.6, and 1.2 km). In scenario (1), according to its definition, the attenuation is isotropic. Compared with the reference reflections without attenuation (the solid red lines), the reflections (the solid blue lines) show apparently reduced amplitude and delayed phase. In scenario (2), we fixed δ Q ¼ 0 and gave a negative ε Q ¼ −0.6. The contribution of the coefficient ε Q increases toward the isotropy (horizontal) plane (Zhu and Tsvankin, 2006) . It can be seen that the reflection amplitude (the solid black line) exhibits fewer variations at all offsets from the isotropic case, but at the large offset, it becomes slightly less attenuated and less phase-delayed (left shift). Considering scenario (3), in which parameter δ Q contributes to the angular variation of the P-wave attenuation coefficient near the vertical direction (Zhu and Tsvankin, 2006) , the reflection traces delayed more at the larger offset than the intermediate offset (the dashed black lines). This observation may imply that δ Q plays an important role in causing anisotropic attenuation effects on reflection data. As expected, the amplitude variation with offset is clearly observed from all of these cases of attenuation. 
A 2D heterogeneous model
To show that it is able to handle a heterogeneous medium, we consider a 2D complex model with a salt body shown in Figure 6 . This model is a subsection of the 2007 BP TTI model by removing the tilt angle and adding anisotropic attenuation (ε Q ¼ 4ε and δ Q ¼ 8δ in Figure 7) . The model is discretized using grid spacing of 12.5 m. We add a force source to the stress σ 33 . The source function is a Ricker wavelet with dominant frequency f 0 ¼ 15 Hz and onset time t 0 ¼ 0.05 s. The simulation uses 6000 time steps of 0.6 ms. A horizontal line of receivers is located 12.5 m below the source and is composed of 199 receivers. To choose Q values for computing fractional Laplacian operators in equation 9, we use the k-means cluster analysis to seek for two clusters of each Q IJ values e.g., Q 11 in Figure 8 . Note that we still take the original Q IJ models (Figure 7) for the rest of the calculations in equations 7 and 8. Figure 9a -9c shows three snapshots at 0.8 s of viscoelastic-TI by the FDFT (reference), PSFL, and PSFLPI, respectively. Figure 9d compares two horizontal slides at y ¼ 120. The PSFL method provides a slightly inaccurate solution (black), whereas the PSFLPI method produces a well-matched one (blue circles) compared with the reference trace (red). Figure 10 compares the effects of different strengths of anisotropic attenuation, and to isotropic attenuation. Anisotropic attenuation effects different from isotropic attenuation on seismograms are clearly observed in Figure 10b . When fixing δ Q , the waveform difference shown in Figure 10c caused by different ε Q can be noted.
Computational cost
We list the computation time of previous synthetic modeling examples in Table 3 . All of the examples are run in the MATLAB 2016a platform in a Linux workstation (Intel Xeon CPU v4 3.00 GHz 256 G RAM). Remarkably, wave modeling by solving the proposed fractional Laplacian wave equation (either PSFL or PSFLPI method) has several orders fewer computer time than by using the fractional 
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Zhu and Bai time-based wave equation (Zhu, 2017) . In this heterogeneous model, PSFLPI with two Q values surprisingly provides a well-matched solution to the reference one. Compared with PSFL, PSFLPI provides a better solution with about double the computation costs. The main reason for the expense of the FDFT method is that computing the stress components recursively in the time loop takes much computational time. Especially in cases of a long recording length, the computation time appears extremely high. Because of saving the field variables in computing the fractional time derivatives, moreover, large computer memory are needed (approximately 80 Gb RAM in the BP example). In contrast, computing the fractional Laplacian operators in space using the pseudospectral method is linear with the total time length of the simulation, needs much less computer time, and it keeps the minimum memory (<80 Mb RAM) by only saving a few intermediate field variables.
DISCUSSION

Separation of amplitude-loss and phase dispersion
Another advantage of the new equation over the fractional time formulation (Zhu, 2017) is the separation of the amplitude loss and phase dispersion, similar to viscoacoustic and viscoelastic fractional wave equations . In equation 7, the first time derivative terms represent the amplitude loss. If we turn off these terms by setting zero coefficients, we can obtain the anisotropic amplitude loss only in the upper right panel of Figure 11 . The waveform shows an attenuated amplitude but a similar phase as the reference elastic anisotropic medium (no attenuation), in which the medium parameters are listed in Table 1 (model 1) . On the other hand, by adding the propagation operator in equation 6 and turning off the amplitude loss terms, the phase-dispersion effect can be simulated, shown in the bottom-left panel of Figure 11 . If we include both attenuation effects, the snapshot is displayed in the bottom-right panel of Figure 11 .
Accuracy of computing fractional Laplacians in the presence of a strong Q contrast
Here, we validate the accuracy of solving the fractional Laplacian using PSFL and PSFLPI in the presence of intermediate/strong Q contrasts. The two-layer Q IJ models are shown in the top row of Figure 12 . Elastic anisotropy parameters are the same for both models (v p ¼ 4.0 km∕s, v s ¼ 2.0 km∕s, ρ ¼ 2.5kg∕m 3 , ε ¼ 0.3, and δ ¼ 0.2). The reference solution is computed by the FDFT method solving the fractional time derivatives wave equation (Zhu, 2017) . It is not surprising that the average γ scheme to compute the fractional Laplacian using PSFL produces a satisfied solution when the Q contrast is intermediate (Figure 12a ), but it introduces errors when the Q contrast is large (the red dots in Figure 12b ). After we apply the PSFLPI scheme with two Q values, the PSFLPI waveform (the dashed blue line) agrees with the reference one (the blue line) very well. This is also the case in the last 2D heterogeneous example. If the Q heterogeneity becomes even stronger in practice, we can choose more Q values for implementing PSFLPI to maintain the numerical accuracy. Also, several advanced numerical schemes have been reported to further improve the accuracy of calculating the fractional Laplacian operators, e.g., low-rank approximation (Sun et al., 2015) , analytic wave propagator plus low-rank approximation (Chen et al., 2016) , Hermitian-distributed approximation functional , and fixed-order fractional Laplacian (Xing and Zhu, 2018) . These three methods have the potential to improve the accuracy of solving the viscoelastic-TI wave equation proposed in this study. Among them, a fixed-order power term of the fractional Laplacian using an ad-hoc approximation presented by Chen et al. (2016) and Xing and Zhu (2018) may further simplify the formulation of the viscoelastic-VTI wave equation and will be investigated in upcoming studies.
Acoustic approximation
By setting the v s ¼ 0 (i.e., C 55 ¼ 0), the acoustic approximation of the anisotropic velocity would be obtained (Alkhalifah, 2000) . Similarly, setting C 55 ¼ 0 in the stress-strain relation in equations 6-8 leads to a set of viscoacoustic TI equations. Figure 13 shows the snapshots of the wavefield at 0.2 s using the model 2 parameters in Table 1 . We eliminate the S-wave artifacts by setting the isotropic area around the source. But some artifacts in Figure 13b may be caused by velocity anisotropy from anisotropic attenuation. In addition, using a circle receiver array (300 receivers) around the source (1000 m radius) shown in Figure 1 , we estimate Q using the spectral ratio of the attenuated trace and the reference trace approximately. Figure 13c shows a rough approximation of estimated Q values to the theoretical anisotropic Q curve. We believe that the results here verify, under the acoustic approximation to attenuation anisotropy, that the relative amplitude of seismograms can be used for further processing. However, we are still cautious about interpreting the absolute amplitude information of the seismograms because the acoustic approximation is approximately valid for kinematics, but it is not held for amplitude (Alkhalifah, 2000) .
CONCLUSION
We proposed a new fractional Laplacian constitutive equation that is based on the frequency-independent Q model. The corresponding time-domain viscoelastic VTI wave equation in the first-order velocity-stress formulation is given, where the attenuation is expressed in the variable-order fractional Laplacian operators, which are computed by the Fourier pseudospectral method plus interpolation. The accuracy of the simulation results is validated by comparing with theoretical predictions and reference seismograms from the existing fractional time viscoelastic VTI wave equation in 2D homogeneous VTI viscoelastic media. Using the two-layer model, we showed that attenuation anisotropy, especially δ Q , significantly influences on the reflection data in the phase and amplitude varying with offset. Finally, we demonstrated the accuracy of using the interpolation strategy with only two Q values in the heterogeneous anisotropic Q model. Anisotropic attenuation effects are clearly observed in the seismograms. Through comparisons of the compute time, we conclude that the derived wave equation based on the fractional Laplacian improved the computer efficiency of modeling the VTI attenuation compared with the reference solution. This improvement shows its potential application in regional-and global-scale seismic wave simulations. With a desirable feature -the separation of attenuation effects -the derived wave equation can potentially be used for seismic imaging and inversion algorithms. Table 1 as model 2. (c) Comparison of estimated 1∕Q using spectral ratio method and theoretical 1∕Q as functions of the phase angle from Christoffel equation (see details in Zhu, 2017) .
